The authors study robust beamforming and power allocation in cognitive relay networks using several relays in the secondary link. The channel state information is imperfect modelled by Gaussian random variables. First, minimisation of the total transmit power of relays and the secondary transmitter is considered with a constraint on the interference in the primary receiver. Also, a constraint is assumed on the received signal-to-interference plus noise ratio (SINR) in the secondary receiver. In the other scenario, maximisation of the SINR in the secondary receiver is investigated with a limit on the maximum transmit power of relays and the secondary transmitter. For each non-convex optimisation problem, an iterative and robust algorithm is derived. It is proved that the first proposed algorithm converges to the global optimum. Simulation results similarly show the convergence of both algorithms with a few number of iterations. The outperformance of the robust algorithms is shown compared with a non-robust design.
Introduction
Cognitive radio (CR) is an efficient technique to improve the spectral efficiency of wireless communication systems in a dynamic and opportunistic fashion [1] . In these networks, some primary users have a license to use a certain part of the radio spectrum, whereas some secondary users (or cognitive users) are dynamically identifying and exploiting the radio spectra not used by primary users.
CR paradigms are typically classified in three types: 'underlay', 'overlay' and 'interweave' [2] . The underlay type considered in this paper has a high spectral efficiency and is more practical from the implementation point of view. In this type, secondary users access the same radio spectrum allocated to primary users, provided that the interference of secondary users on the primary service is less than a specified limit referred to as the interference temperature [3, 4] . Clearly, the interference control in this type plays an essential role.
A recent approach developed for interference control in wireless networks is based on incorporation of relays for cooperative beamforming [5] [6] [7] [8] [9] [10] [11] which has accordingly been applied to CR networks. For instance, in [12] , cooperative beamforming is employed in a CR network to maximise the network throughput. In this method, the best relay is selected for the amplify and forward beamforming. Also, optimal power allocation among the secondary source and that relay is addressed. The authors in [13] proposed a cooperative beamforming scheme in which all relay nodes are involved in beamforming in order to maximise the signal-to-interference plus noise ratio (SINR) in the secondary receiver. This maximisation problem is subjected to two constraints: (a) the interference amount in the primary receiver and (b) the sum of the transmit power of relays and the secondary transmitter. In [14] , beamforming weights are obtained such that the SINR in the secondary receiver is maximised while the interference on the primary receiver is eliminated.
In [15] , optimal beamforming for CR relay is presented by maximising the SNR at the secondary receiver subject to a constraint on the total transmit power of relays and an interference constraint on the primary receiver. In [16] , power allocation is investigated in CR relay networks to optimise the overall data rate with the similar constraints of [15] . The problem of joint power and channel allocation has also been studied for a three-node CR relay network to optimise the end-to-end throughput [17] .
Although in most network designs, the channel state information (CSI) is assumed to be known perfectly, in practise, because of quantisation errors, time varying channels and feedback delays, a perfect CSI is not normally available. It is thus important to design a robust network which is less sensitive to the channel estimation error. In general, for a robust design, the 'worst-case' and 'stochastic' approaches may be used. In the first approach, the channel error belongs to a predefined uncertainty region and the final goal is optimisation of the system worst performance in this region for each error. In the second approach, we look into the problem from a stochastic point of view and the required robustness is achieved using statistical moments. In the cases of unbounded CSI errors, stochastic designs are more appropriate and guarantee the system performance [3] .
In this paper, we propose a joint design of robust beamforming and power allocation with imperfect CSI for CR relay networks. For this purpose, the stochastic model is used for the CSI error and both direct and relay aided transmissions are considered. Accordingly, in two different strategies, optimisation constraints are defined. In the first strategy, we minimise the sum of the total transmit power of relays and the secondary transmitter power subject to the constraints on the quality of service (QoS) at both receivers. This strategy is interesting from the network power efficiency aspect. Owing to non-convexity of such optimisation problems, to find the global optimal solution, an exhaustive numerical search is normally required. Here, instead, we propose an iterative method to obtain the transmit power at the secondary transmitter and optimise beamforming coefficients at relay nodes. In this way, in each iteration, we solve two convex subproblems. In addition, the convergence and optimality of the proposed iterative method is proved. Simulation results show that using the proposed cooperative beamforming method, the sum of total transmit power of relays and the secondary transmitter is decreased. Furthermore, a higher SINR is achieved at the secondary receiver while the interference constraint in the primary receiver is also met.
In the second strategy, the SINR in the secondary receiver is maximised by proposing an optimal beamforming. In this case, a constraint is imposed on the sum of the total transmit power of relays and the secondary transmitter power, while another constraint is considered for the interference in the primary receiver. This strategy is important from the QoS point of view. To solve the above problem, an iterative algorithm is developed to transform the optimisation problem to a quasi-convex form for beamforming coefficients and to a linear form for power allocation. We will show that the proposed optimal cooperative beamforming in relays increases the SINR in the secondary receiver while the interference constraint is satisfied.
The approaches investigated in this paper differ from previous works in several ways. Unlike [12] , we assume all relays are incorporated in the beamforming process which increases the degree of freedom. In addition, in contrast to [13] ; which presents a heuristic method to solve the optimisation problem, we find the global optimal solution analytically. Also, because of practical considerations, we impose a power constraint on the secondary transmitter which is not addressed in [14] . Furthermore, unlike [15] [16] [17] , we consider a robust beamforming which improves the performance against the CSI error.
The paper is organised as follows. In Section 2, the system model is introduced. The optimal beamforming design based on power minimisation strategy is presented in Section 3 and in Section 4, the beamforming design based on SINR maximisation is developed. Simulation results are given in Section 5 and conclusions are drawn in Section 6.
System model
The underlay CR network shown in Fig. 1 is considered with one primary transmitter-receiver link, one secondary transmitter-receiver link and R relay nodes. It is assumed that the secondary transmitter has a limited coverage area and communicate with the secondary receiver through relay nodes with no direct link. In contrast, in the primary network, a direct link exists between the transmitter and receiver.
The signal transmission is done in two time slots. First, the primary and secondary transmitters broadcast their signals x (P) 1 and x (S) 1 , respectively, which are received by relay nodes. In the second time slot, using the transmit beamforming, relay nodes multiply the received signals by some complex gains with adjusted amplitudes and phases and re-transmit the resulting signals to the receivers. Meanwhile, the primary transmitter sends another signal x to its receiver while no signal in this time slot is transmitted by the secondary transmitter.
Fading channels are assumed to be flat and the channel gains between the primary transmitter and the ith relay, the secondary transmitter and the ith relay, the ith relay and the primary receiver, the ith relay and the secondary receiver, the primary transmitter and the primary receiver, the primary transmitter and the secondary receiver, the secondary transmitter and the primary receiver are,, respectively. By incorporating the above assumptions, the received signal by the ith relay in the first time slot is given by
where P P and P S denote the power of transmit signals from the primary and secondary transmitters, respectively, and n (i) 1 denotes the additive complex white Gaussian noise with zero mean and variance s 2 n . Then, the received signal by the primary receiver is
where n (P) 1 denotes the additive complex Gaussian noise with zero mean and variance s 2 n (P) 1 .
In the second time slot, the ith relay multiplies its received signals by a complex weight w i and retransmits the resulting signal as
Also, the primary transmitter sends another symbol x (P) 2 with the same transmit power of P P . By denoting r 2 as the signals received by the primary and secondary receivers, respectively, and using (4), we can show
and
where n 
shows the statistical expectation. † The noise in relays are spatially white, that is,
n d ij where * shows conjugation. † The noise in relays n 
2 and x 
Power minimisation-based beamforming
We intend to present a joint design of beamforming weights w i , i = 1, 2, …, R in relays and power allocation in the secondary transmitter. Our objective is to minimise the sum of the total transmit power of all relays, P R , and the secondary transmit power, P S , subject to QoS requirements in the secondary network which is expressed as a minimum SINR at the secondary receiver, SINR (S) . In addition, other constraints are imposed on the received interference at the primary receiver in two time slots which must be below a given threshold. The reason of choosing the above objective function is that in many scenarios, the transmitter and relay nodes are power limited [18, 19] . The resulting optimisation problem is then written as min P S ,w
where η 1 and η 2 denote the total interference and noise power in the primary receiver in the first and second time slots, respectively, γ is the threshold of SINR in the secondary receiver and ζ is the maximum limit of interference in the primary receiver. Using (4), the total transmit power of relays, P R , is obtained as
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where diag(a) is a diagonal matrix whose elements are the elements of the vector a.
I and P (S) n as the desired signal power, the received interference power and the noise power at the secondary receiver, respectively, using (6), we obtain
where
where ⊙ indicates the Schur-Hadamard product. By incorporation of the channel errors in (1), we obtain
In addition, the received interference at the secondary receiver is calculated as
Similarly, for the noise power, we have
The received SINR at the secondary link, SINR (S) , is defined as
On the other hand, the sum of interference and noise power in the primary receiver in the first time slot, η 1 , is (17) and in the second time slot, η 2 , is
Using (8), (16)- (18), the optimisation problem in (7) is stated as min P S ,w
s.t.
The optimisation problem in (19) is not convex on both variables, and hence, we propose a new iterative algorithm to solve it. This is performed by fixing one variable and optimising over the other one in each iteration while the role of variables changes in the next iteration. We will show that the convergence of this algorithm is achieved under a certain criterion. First, we assume P S , is fixed and optimisation is performed over the beamforming coefficients vector, w. Also, since w H (R′ + G′)w + c ≥ 0, (19) reduces to
. Note that since the initial value of P S is chosen by (19c) which only depends on P S , this constraint is eliminated from the optimisation problem. The minimisation problem of (20) is also non-convex. One way to solve this problem is to use the semi-definite relaxation (SDR) method [20] . rewrite (20) as follows
where tr(·) is a trace of matrix. Since rank(X) is not convex, the optimisation problem is not convex either. To cope with this problem, we omit the constraint (21d), by which (21) changes to a semi-definite programming (SDP) problem. The latter problem can be solved by the interior point method using the CVX software [21] . It is shown in [22] that the obtained X for this problem is a rank one matrix. Finally, the beamforming coefficients vector, w(n + 1), at the (n + 1)th iteration are equal to the normalised eigenvector corresponding to the only non-zero eigenvalue of X(n + 1).
In the next procedure, (19) should be solved once more for allocating the secondary transmitter power, given the set of optimum beamforming coefficients in each iteration as follows
This is a linear optimisation problem over P S which is infeasible if
− w H (n + 1)(R +R)w(n + 1)
Otherwise, the problem is feasible and P S (n + 1) is obtained as
After obtaining P S (n + 1), if the convergence condition of P S (n) − P S (n + 1) ≤ ε is fulfilled, the proposed iterative algorithm will be stopped. The computational complexity of the proposed algorithm in beamforming optimisation is O(R 4 (R + 2) 2.5 ); which is equal to that of [23] , and is O(6R 2 + 3R + 2) for the power allocation problem. In total, the order of computation for each iteration is O(R 4 (R + 2) 2.5 + 6R 2 + 3R).
Convergence and optimality analysis
Let denote (19a) as P total w,
Then, w(n + 1) at the (n + 1)th iteration is obtained by minimising P total for a given P S (n) at the nth iteration and hence, we obtain P total w(n + 1), P S (n) ≤ P total w(n), P S (n) (25) At the next iteration, P S (n + 1) is obtained by minimising P total for the computed w(n + 1) which leads to P total w(n + 1), P S (n + 1) ≤ P total w(n + 1), P S (n) (26) By comparing (25) and (26), we obtain P total w(n + 1), P S (n + 1) ≤ P total w(n), P S (n) (27) which guaranties the convergence of the proposed algorithm.
On the other hand, since (19) is not convex, there is no guarantee to obtain the global optimum. However, we will show that our proposed iterative algorithm converges to the global optimum. To do so, we consider the proposed algorithm as a mapping, M, from P S (n) to P S (n + 1) as follows
It is shown in [24] that when the problem is feasible and the following properties are met, M converges to the global optimum:
Accordingly, in our mapping, for each value of P S for which the problem is feasible, M(P S ) ≥ 0. The second condition was also shown in (26) .
To inspect the third condition, we consider (21) for αP S (n) as
where X′ is the response of (21) www.ietdl.org and λ min (·) indicate the maximum and minimum eigenvalues of a matrix [25] . Using the above property in (30), we have
If the problem is feasible for α = 1, the feasibility for α > 1 is established for tr(X′) = (1/α)tr(X) regardless of the amount of eigenvalues. Considering that the numerator and denominator of (24) are scalar by using the trace properties and replacing X′, we obtain
On the other hand, from the third condition mentioned above, we can write
By comparing (31) and (32), one can see that aM P S (n) ≥ M aP S (n) . Using a similar procedure, it can also be shown that if the problem is feasible for tr(X′) ≤ (1/α)tr(X), the third condition is still satisfied. As a consequense of the above results, the proposed iterative algorithm converges to the global optimal solution.
SINR maximisation-based beamforming
In this strategy, optimisation is performed by SINR maximisation at the secondary receiver subject to some constraints on the sum of the power of transmitted signals by relays and the secondary transmitter. In addition, we impose another constraint on the received interference at the primary receiver which should be below a given threshold to protect the primary link. The resulting optimisation problem is then written as max P S ,w SINR (S) (33a) s.t.
where P tmax is the maximum transmit power by relays and the secondary transmitter. Substituting (8), (16)- (18) in (33), we obtain max P S ,w
Since the constraint rank(X) = 1 in (37e) makes this optimisation problem non-convex, we relax the problem by letting rank(X) not necessarily be one, which changes this problem to quasi-convex. For each value of t, the resulting feasible set is then convex. By obtaining the optimum value of t shown by t*, for t ≤ t*, the problem is feasible. To solve (37), we use the bisection method in which an interval [l, u] containing t* is selected [20] . Be letting t as the midpoint of this interval, that is, t = (l + u)/2, the optimisation problem should be solved to find X as find X (38a) s.t.
If for the selected value of t, the optimisation problem of (38) is feasible, we update l = t, and otherwise, u = t, and again for these new values of l and u, we assume t = (l + u)/2. These iterations are repeated until the convergence criterion for the bisection search defined by u − l ≤ ε′ is fulfilled. There are two remarkable points in this problem. Firstly, SINR maximisation is always feasible and has a solution. Secondly, selection of appropriate values for [l, u] makes the algorithm converge to the global maximum. Since SINR is always positive, at the first iteration, we set l = 0.
To find an initial value for u, we distinctly solve (35a) for the two related constraints to obtain two values for u 1 and u 2 , respectively. Then, the minimum value is selected for u. To proceed, (35a) is shown for the first constraint as
. By defining the variables w W P √ A (−1/2)w and ||w|| 2 = 1 [26] , (39) reduces to max w,P
The objective function is an increasing function of P and, therefore it is maximised for P = P tmax − P S .
Hence, maximisation is only performed overw as follows
The resulting beamforming vector is then given bỹ
where P(X ) indicate the eigenvector corresponding to maximum eigenvalue of a matrix X . The upper bound for the first constraint can be represented as
where λ max (·) was given in (30). By repeating the same procedure for the second constraint, we obtain
. Then, the minimum value of u 1 and u 2 is taken as an initial value for u and accordingly t is obtained. After convergence of the bisection algorithm to a solution, if the condition rank(X(n + 1)) = 1 is satisfied, the beamforming coefficients vector, w(n + 1), will be equal to the normalised eigenvector corresponding to the non-zero eigenvalue of X(n + 1). Otherwise, the resulting solution only provides an upper bound for (35). In this case, w(n + 1) is calculated using any of the three randomisation methods introduced in [27] .
Having obtained w(n + 1), the optimisation problem of (34) is performed over the secondary transmitter power, P S as
This problem is always feasible and P S at the (n + 1)th www.ietdl.org − w H (n + 1)(R +R)w(n + 1)
After finding P S (n + 1), if the convergence condition at the (n + 1)th iteration defined as P S (n + 1) − P S (n) ≤ ε is fulfilled, the algorithm will stop. Otherwise, it continues finding an optimal solution for P S and w.
Simulation results
We consider a primary transmitter-receiver link, a secondary transmitter-receiver link and R relay nodes. All links are modelled as zero-mean complex Gaussian random variables. A path loss exponent of 3 is assumed. Since the direct links between the transmitters and receivers are longer, they have lower variances compared with indirect links. The results are presented by averaging of 1500 independent trials of each experiment. The noise variance in relays and receivers is s 2 n = 0.1.
Power minimisation
In the first experiment, we assume that all channel coefficients are exactly known, that is, the variances of channels errors are zero. Fig. 2 shows the convergence behaviour of the first proposed algorithm for different initial values of the secondary transmit power P S . Different initial values are selected for P S such that the constraint
≤ z is met. The minimum required SINR at the secondary link, γ, and the interference limit of the primary link, ζ, are assumed to be 5 and − 4 dBw, respectively. The convergence criterion is ε = 0.01. As seen, after a few iterations, the proposed algorithm converges to the optimal value. In addition, selection of different initial values for P S does not affect the final optimal solution. In the next experiment, we assume an uncertainty for the channels.
Figs. 3 and 4 depict the total transmit power of relays and secondary transmitter and the feasibility probability against the minimum SINR for different values of channel estimation errors, respectively. In two cases, the error variances σ 2 = 0.02 and 0.08 are considered for all channels. The ideal case of perfect CSI (σ 2 = 0) as well as the non-robust design are also presented. As shown in Fig. 3 , by increasing the channel estimation error, the performance loss increases for the robust design. Also, it is shown in Fig. 4 that the feasibility probability significantly decreases by increasing the channel estimation error. We observe that the non-robust design in most cases is infeasible. Indeed, the non-robust design can rarely satisfy the QoS constraints because of the ignorance of imperfect CSI. In addition, by increasing the number of relays, the transmitted power reduces against the SINR while the feasibility probability increases. Fig. 5 illustrates the effect of the tolerable interference limit of the primary receiver, ζ, on the network performance. The total transmit power of relays and the secondary transmitter is shown against the minimum SINR for different ζ's. It is seen that the increase of tolerable interference limit does not lead to a change in the total transmitted power. In turn, the feasibility probability increases which leads to achieving a higher SINR threshold. This fact is also observed in Figs. 6 and 7. In the last three figures, the number of relays is R = 10.
SINR maximisation
The performance of the second proposed algorithm is inspected based on SINR maximisation strategy. The maximum of the total transmit power of relays and the secondary transmitter is P tmax = 0 dBw, and the primary tolerable interference limit is ζ = −4 dBw. The convergence criterion for the bisection method and the proposed algorithm are ε = 10 −6 and ε′ = 0.01, respectively. The initial value of P S is 0.001. Fig. 8 shows the SINR (S) against the number of iterations for different number of relays. As observed, the proposed algorithm converges to the optimal value after a small number of iterations. Meanwhile, by increasing the number of relays, the achievable SINR in the secondary receiver increases. Note that the problem of (34) is always feasible, and hence, the feasibility probability is equal to one. Fig. 9 evaluates the effect of maximum transmit power of relays and the secondary transmitter on the maximum SINR in the secondary receiver for different channels estimation errors. As seen, the maximum SINR is decreased as channels uncertainties increase. Furthermore, by increasing the maximum of total transmit power of relays and the secondary transmitter, the achievable SINR in the secondary receiver is increased. Meanwhile, for a given value of the maximum transmit power, increasing the number of relays results in a higher SINR in the secondary receiver. Fig. 6 Feasibility probability against SINR threshold in the secondary receiver, γ, for different tolerable interference limits in the primary receiver, ζ Fig. 7 Achievable SINR threshold in the secondary receiver against the interference limit in the primary receiver, ζ Fig. 8 Convergence behaviour of the proposed maximisation algorithm for a different number of relays, R Fig. 5 Total transmit power of relays and the secondary transmitter (P s + P R ) against the SINR threshold in the secondary receiver, γ, for different tolerable interference limits in the primary receiver, ζ www.ietdl.org Fig. 9 Maximum SINR in the secondary receiver against the total transmit power of relays and secondary transmitter, P tmax , for a different number of relays, R www.ietdl.org
